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^ ■ Abstract 

The question of shellability of complexes of directed trees was asked 
by R. Stanley. D. Kozlov showed that the existence of a complete source 
in a directed graph provides a shelling of its complex of directed trees. 
We will show that this property gives a shelling that is straightforward 
in some sense. Among the simplicial polytopes, only the crosspolytopes 
allow such a shelling. Furthermore, we show that the complex of directed 
trees of a complete double directed graph is a union of suitable spheres. 
We also investigate shellability of the maximal pure skeleton of a complex 
of directed trees. Also, we prove that the complexes of directed trees of 
a directed graph which is essentially a tree is vertex-decomposable. For 
these complexes we describe the set of generating facets. 

1 Introduction 

A directed tree with a root r is an acyclic directed graph T = {y{T), E{T)) such 
that for every x G V{T) there exists a unique path from r io x. A directed forest 
is a family of disjoint directed trees. We say that a vertex y is below vertex x 
in a directed tree T if there exists a unique path from x to y. In this paper we 
write x^ for a directed edge from x to y. 

Definition 1. Let Dhe a directed graph. The vertices of the complex of directed 
trees A(Z?) are oriented edges of D. The faces of A(_D) are all directed forests 
that are subgraphs of D. 

The investigation of complexes of directed trees was initiated by D. Kozlov 
in [5] . The complex of directed trees of a graph G is recognized in 5 as a discrete 
Morse complex of this graph (the authors treat graph as a 1-dimensional com- 
plex). Directed forests of G correspond with Morse matchings on G. Complexes 
of directed trees are also studied in [S] and [lOj . 

A d-dimensional simplicial complex is pure if every simplex of dimension 
less than d is a face of some d-simplex. For further definitions about simplicial 
complexes and other topological concepts used in this paper we refer the reader 
to the textbook [TB] . 

Definition 2. A simplicial complex A is shellable if A is pure and there exists 
a linear ordering (shelling order) Fi, F2, . . . , Fk of maximal faces (facets) of A 
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such that for alH < j ^ fc, there exist some I < j and a vertex v of Fj, such 
that 

F,nF,CFinF,=F,\{v}. (1) 

For a fixed shelling order Fi,F2, ■ ■ ■ ,Fk of A, the restriction Ti{Fj) of the 
facet Fj is defined by: 

TZ{Fj) = {u is a vertex of Fj : Fj \ {v} C Fi for some 1 ^ i < j}. 

Geometrically, if we build up A from its facets according to the shelling 
order, then TZ{Fj) is the unique minimal new face added at the j-th step. The 
type of the facet Fj in the given shelling order is the cardinality of TZ{Fj), that 
is, typeiF,) = \TZ{Fj)\. 

For a d-dimensional simplicial complex A we denote the number of i-dimensional 
faces of A by fi, and call /(A) = /o, /i, . . . , fd) the f -vector. A new invari- 
ant, the h-vector of d-dimensional complex A is /i(A) = (/iq, /ii, • ■ • , hd, hd+i) 
defined by the formula 

If a simplicial complex A is shellable, then 

/ifc(A) = |{F is a facet of A : type{F) = k]\ 

is an important combinatorial interpretation of /i(A). This interpretation of 
the /i-vector was of great significance in the proof of the upper-bound theorem 
and in the characterization of /-vectors of simplicial polytopes (see chapter 8 
in [HI). 

If a d-dimensional simplicial complex A is shellable, then A is homotopy 
equivalent to a wedge of hd spheres of dimension d. A set of maximal simplices 
from a simplicial complex A is a set of generating simplices if the removal of 
their interiors makes A contractible. 

For a given shelling order of a complex A we have that 

{i^ e A : is a facet and 7^(F) F) 

is a set of generating facets of A. Note that a facet F is in this set if and only if 

Vw e there exists a facet F' before F such that Ff^F'^F\ {v}. (2) 

The concept of shellability for nonpure complexes is introduced in [3]. In the 
definition of shellability of nonpure complexes we just drop the requirement of 
purity from Definition [21 

For a facet of a shellable nonpure complex we can define its restriction 
Tl{F) as before. For nonpure complexes the definitions of /-vector and h-vectoi 
are extended for double indexed arrays. For a nonpure complex A let 

/,,,(A) = |{A G A : 1^1 = J, z = max{\T\ -.ACTC A}}\, 
and /i,,,(A) = ^^(-ir'^Q3^)/,,,. 



2 



The above defined arrays are called the f- triangle and the h- triangle of A. 
If A is a shellable complex, we have the following combinatorial interpretation 
of the /i-triangle: /i^,j(A) |{F a facet of A : |F| = i, |7^(F)| = j}\. 

If a nonpure simplicial complex A is shellable, we know that A has a homo- 
topy type of the wedge of spheres, consisting of hjj copies of the (j — l)-spheres 
(see Theorem 4.1 in [3]). The conditions described in ^ help us to identify a 
generating set of a nonpure shellable complex. 

More information about shellable complexes can be found in [5], [3] and [1]. 

2 Shelling of graphs with a complete source 

A vertex a; is a complete source of a directed graph Z? if ir^ e E{D) for all 
y € V{D) \ {x}. D. Kozlov proved (Theorem 3.1 in [S]) that if a directed graph 
D has a complete source, then the complex A (I?) is shellable. He used a version 
of shelling described in the following remark. 

Remark 3. Let F be a simplicial complex. Assume that we can partition all 
of the facets of F into sets Tq, Ti, J^2, ■ ■ ■ , J'm such that the following holds: 

|J^o| = 1; for all i ^ j, and for different facets F £ J^i, F' G J^j , 

there exist k < j, a facet F" S J^k, and a vertex v £ F' (3) 
such that FnF' C F" nF' ^ F' \ {v}. 

In that case any linear order that refines the above partition J-q, J^i, J-2, • . • , J'm 

(for i < j we list facets from J^i before facets from Tj) is a shelling of F. 

If r is a directed tree and v G V{T) let c?t(w) denote the outdegree of v, i.e., 

driv) = |{a: e V{T) : e E{T)}\. 

In the proof of Theorem 3.1 in [9J, the facets of A(_D) are ordered by their degree 
sequences, i.e., trees T and T' are in the same class if and only if driv) = dr'iv) 
for all V G V{D). Substantially, the facets of A(£') are classified by considering 
the out-degree of the complete source. 

Here we consider a directed graph D with a complete source c and detect 
some nice properties of a shelling described in the above remark. 
If \ViD)\ = n for i = 0, 1,. . .,n - 1, we set 

J'i = {T a. facet in A{D) : dric) = n-i-l}. 

In the same manner as in the proof of Theorem 3.1 in [9] we can verify that 
the partition J-q, J^i, J^2, ■ • ■ tJ^u-i fulfills the condition described in Remark|31 
Namely, if dric) ^ dr'ic) and T T', then there exists an edge e T' \ T 
such that X c. We define 

T" = T'\ {xt} U {c^} if the vertex c is not below y in T'; or 

T" = T'\ {x^} U {c^} if c is below y in T' and r is the root of T' . 

In both cases simplices T,T',T" and the vertex x^ satisfy condition described 
in ©. 

Furthermore, for a facet T G A(Z)) the unique new face for T in the shelling 
order defined above is TZ(T) — {x^ £ T : x ^ c}. Therefore, the type of T is 
type(T) = n — 1 — dxic), and we obtain that 

h,{A{D)) I |{T is a facet of A(D) : dric) ^ n - i - l}\. 
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Corollary 4. Let Gn be the complete directed graph on n vertices. Then, for 
all k = 0,1, ... ,n — 1 we have 

Remark 5. If a directed graph D has a complete source, then the shehing of 
A{D) is straightforward in the following sense: 

(1) We start the shelling with an appropriate facet Fq and let J^o = {^o}- 

(2) When we order all of the facets from Ti-i, let J^i denote the set of all 
facets of A(D) \ (Jo U • • • U J^i-i) that are neighborly (share a common 
ridgct) to a simplex from Ti-i. 

(3) Wc contimic shelling of A(Z>) by arranging simplices from J^i in an arbi- 
trary order. 

(4) In this shelling order, for any facet F we have that type{F) — i F ^ Ti. 

It may be interesting to find more examples of simplicial complexes that 
allow a shelling with the properties (l)-(4) from the above remark. 

Example 6. Let Z)„ be the directed graph with V{Dn) — [n] and 

i;(Z?„) = {It : z e ^ 1} U {2j : J G [n], j ^ 2}. 

It is easy to see that A(Z)„) is combinatorially equivalent to the boundary of 
the [n — l)-dimensional crosspolytope. 

Theorem 7. The only simplicial d- dimensional polytope whose boundary admit 
a shelling as those described in Remark 4 is the crosspolytope. 

Proof. Assume that P is a simplicial d-polytope with desired shelling. We iden- 
tify a facet of P with its set of vertices. Let Fq = {vi,V2, ■ • • ,Vd} be the first 
facet in this shelling. 

Let Wi denote the unique new vertex of the facet of P that contains {d — 2)- 
dimensional simplex _fo \ {vi}- All of the facets of P whose type is 1 belong to 
J^i and therefore have the form Fq \ {tij} U {wi}. We can conclude that the set 
of the vertices of P is V{P) = {ui, V2,..., Vd, w\,W2, • • • , Wd}. 

For any S C [d] we consider the {d — l)-simplex 

Fs = conv {{vi :i^S}U {wj : j € S}) . 
We do not know that Fs is a facet of P, but we use induction on k to show that 

J^k = {Fs:SC[d],\S\=k}. (4) 

Assume that the above statement holds for alH ^ /c — 1. Let F G J^/j be a facet 
(yet not listed) of P that shares a common ridget with a facet F from Tk-i- 

From the inductive hypothesis we have F = Fs (for S C [n], \S\ = k — 1) 
and F = Fs \ {vi} U {wj} for i,j ^ S. li i ^ j then the edge {vjWj} and the 
{k — l)-simplex {wg : s G S U {j}} are two different minimal new faces that F 
contributes in the shelling of P, which is impossible. Therefore, we can conclude 
that i = j, and F = Fs\ {vi} U {wi} = Fsu{i}- 
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We have that any of the facets that belong to Fk has the form described in ^ . 
AU of the facets from J^k can be hsted in an arbitrary order and any of them 
has the type k. Therefore, we conclude that two facets from cannot share 
the same ridget, and we obtain that 

{d - k + \)\Fk-i\ ^ k\Tk\. 

The inductive assumption and the above equations complete the proof of 
So, we may conclude that P is combinatorially equivalent with d-dimensional 
crosspolytope. 

□ 

If a directed graph D has a complete source c then the complex A{D) is 
homotopy equivalent to a wedge of the spheres. In [5], D. Kozlov describes 
generating facets of A(Z?) as rooted trees of D having complete source c as a 
leaf. 

Here we study the combinatorics of the spheres in A (13) when D has a 
complete source. For each tree T that is a generating facet we associate a 
sphere St C A(r') that contains T and describe the combinatorial type of St- 

We consider a directed graph D with n vertices. Assume that c is a complete 
source of D. Let T be a rooted spanning tree of D with vertex c as a leaf. If 
Xi ^ X2 ^ ■ ■ ■ ^ Xk ^ c is the unique directed path from xi (the root of T) 
to c, let tJT denote the simplex {xix^, X2X^, . . . , x^h, cxl}. It is obvious that 
or i MD)- Also note that daT C A{D). 

Let A = {yi, 2/2, ■ • ■ , Ur} = ^(-D)\{a;i, a;2, . . . , Xfe, c}, i.e., A contains r — n—k—l 
vertices that do not belong to the unique directed path from xi to c in T. For 
any yi € A there exists the unique vertex Zi such that Ziy\ € E{T). Now, we 
define 

St = d(TT * {ziyl, cyt} * {^22/2, cyt} * • • • * {z/yt, cyt}- (5) 

It is not complicated to prove that St C A{D). The sphere S't is {n — k — 1)- 
folded bipyramid over the boundary of fc-simplex ot- 

Proposition 8. If a directed graph D has two complete sources, then A(D) is 
the union of the spheres defined in 

Proof. Let us denote two complete sources in 13 by c and c'. If c is a leaf in T, 
then we have T S St- If c is not a leaf in a tree T, then let {a;i, X2, ■ ■ ■ , Xk} be 
the set of all vertices of D such that cii G E{T) for all z = 1, 2, . . . , fc. 
If the vertex c' is not below c in T, we define 

T' = r \ {c^i, C^2, • • • , cik} U {c'si, ?X2, . . . , 7xk}. 

In the case when c' is below c (then we have that c' = Xi or c' is below Xi) and 
the root of T is r we define 

T' = T\ {cii, 0^2, • ■ ■ , cik} U {7xi, 7xi^i,7r, cTx^+i, . . . , Txk}- 

In both cases the directed tree T' is a generating facet of A (13). Obviously, the 
facet T is contained in the sphere St' ■ 

□ 
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We conclude now that A(G'„) is the union of the {n ~ k ~ l)-folded bipyra- 
mids over the boundary of fc-simplex. A simple calculation and the well-known 
formulae for the number of forests with n — 1 vertices and k trees such that k 
specified nodes belong to distinct trees (Theorem 3.3 in [T^]) give us the number 
of spheres in A(G„) of the same combinatorial type. 

Corollary 9. For any n ^ 1 the complex A(G„) is a union of (n — 1)"^^ 
spheres of dimension n — 2. For < k < n there are exactly 



(n-k-l) 



■kin-iy 



of these spheres that are {n — k — 1)- folded bipyramid over the boundary of 
{k — 1) -simplex. 



3 Shellability of skeleton of A(L') 

The subcomplex of a complex of directed trees generated by its maximal facets 
was studied in [T] and [S]. 

Here we ask about the minimal dimension of the facets of A(Z?), i.e., we 
want to determine the maximal k such that the fc-skeleton of A(D) is pure. 
Note that for any directed graph D we have that the fc-skeleton of A(_D) is 

A(''^(D) = {F : is a rooted forest in D with at least \V{D)\ - fc - 1 trees }. 

For a simple graph G let denote the directed graph obtained by replacing 
every edge xy of G with two directed edges x^ and yi. 

The greatest distance between two vertices of a graph G is the diameter of G, 
denoted by diam{G). A subset of the vertex set of a graph is independent if no 
two of its elements are adjacent. The set of neighbors of a vertex v in a graph 
G is denoted by N{v). 

For a graph G we say that A C V{G) is a strongly independent set if A is 
independent and N{u) fl N{v) ~ for all u,v € A,u ^ v. Let r(G) denote the 
maximal cardinality of a strongly independent subset of V(G). 

Proposition 10. The k-skeleton of A(Z^) is pure if and only if k ^ 1^(^)1 — 
l-r(G). 

Proof. Let be a directed forest of with roots xi,X2, . ■ . ,xt. If the forest F 
is a facet of A((^), then {xi,X2, . ■ ■ ,xt} is an independent set in G. Further, 
if Ti denotes the tree of F that contain Xi, then N{xi) C V{Ti). Therefore we 
obtain that {xi, X2, ■ ■ ■ , Xf } is a strongly independent set. 

So, minimal facets of A(Z^) correspond with maximal strongly independent 
sets of G. 

□ 

Corollary 11. For a connected graph G, the complex A(^) is pure if and only 
ifdiam{G) < 2. 

For a graph G let mc denote the maximal dimension of skeleton of A((^) that 
is pure. From Proposition [TU] we know that mg — \V{G)\ — r{G) — 1. Now we 
examine shellability of A^^'^<^'>0). 
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We say that a maximal strongly independent set A = {xi,X2, . . . ,Xr} of a 
graph G is a complete r-source if V{G) = ^ U A^(a;i) U N{x2) • • • U N{xr)- 

Theorem 12. If a graph G has a complete r-source, is shellahle. 

Proof. Let A — {xi,X2, . . . , x^} be a complete r-source in G. Assume that the 
vertex set V{G) is linearly ordered. For a facet F of A('^^)(^) (recall that F 
is a directed forest with r trees) we define dp = {dF{xi),dF{x2), ■ ■ ■ Tdp{xr)) 
and Sf = (i^i, i^2, • ■ • , Fr) where F, = {v N{x,) : x^i € E{F)}. 

Let <L denote the lexicographical order on W. We say that Sf d: Sf' if 
and only if Fi = F[, . . . , Fj_i = Fl_-y and min{FtAF-) e Fj. Now, we define a 

partial order on the facets of 



F <F' 



dp <L dp, or 
d'p = dp and Sf ^ Sf'- 



The above order induces a partition of the facets of A'^™°^(C^). A block in 
this partition contains all forests of in which the sets of outgoing 

edges having Xi as the source are the same for all i = 1, 2, . . . ,r. Note that 
the relation < induces a linear order on the blocks. The forest with edges 
{xjt' : G A, w G N{xi)} is the only facet contained in the first block. 

Now, we will prove that this partition of the facets of A*^™"^) (^) satisfies con- 
ditions described in Remark[3l Consider two different forests F, F' G A'^™''^((^) 
such that F ^ J'i, F' £ Tj and i ^ j. Let Ti, T2, . . . , T, denote the trees of the 
forest F n F'. For i = 1,2, ... ,s let denote the root of Ti. Note that s > r 
and all edges from E{F) \ E{F') have the form xfl. We consider the following 
three possibilities: 

1. There exists an edge ub G E{F') \ E{F) such that u ^ A. As we have that 
r < s, we can conclude that there exists j such that rj G N{xi) and Xi is 
not below r^ in F' \ {ut}. Then we set F" = F' \ {uh} U {x^r)}. 

Now, we assume that ui G E{F') \ E{F) implies u £ A. Further, let io 
denotes the minimal i G [r] for which there exists an edge xj^ G E{F') \ E{F). 

2. If E{F') \ E{F) also contains an edge xjti such that io < j, then from 
dpixio) ^ dp'ixig) we conclude that there exists Xi^ G E{F) \ E{F'). 
The vertex z is the root in F' and xi^ is not below 2; in Otherwise we 
have an edge xi (or zii) in E{F') \ E{F), such that x ^ A (or z ^ A) . In 
this case we set F" = F' \ {xfb} U {xj^}. 

3. If E{F') \ E[F) ~ {xigVi,Xi^^v^, . . . , Xi^v^}, we have that there exists 
the edge Xi^ G E{F) \ E{F') such that u is smaller than any of Vi in 
the linear order defined on V{G). Again u is the root in F' , and we set 
F" = F' \ {x^} U {x-ti}. 

In any of the cases considered above, it is clear that the forests F,F',F" 
satisfy 

□ 

Now, we investigate shellability of where C„ denotes a cycle 

with n vertices. 
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Theorem 13. A complex A'^"^^"^(C?„) is shellable if and only if n — 3k or 
n = 3k + l. 

Proof. Note that r(C„) — [^J and therefore we have that 

2fc-l, ifn = 3fc; 
mc^ = ^ 2fc, if n = 3fc + 1; 

2fc + l, ifn = 3fc + 2. 

Let Cn denote the simpHcial complex with n vertices indexed by Z„ and 
F C Z„ is a face if and only if it does not contain {i,i + 1} for i e Z„. It 

is obvious that A(Zt„) — C2n \ {[1, 3, . . . , 2ri — 1], [2, 4, . . . , 2n]} and therefore 
A(inc„)0„)^C^mc„)_ 

li n — 3k, then {1, 4, 7, . . . , 3fc — 2} is a complete r-source for C„ and from 
TheoremlHwe know that A^^^^-i) (Ztgfc) is shellable. 

If n = 3fc + 1, we will prove that the lexicographical order of the facets of 
^6fe+2 defined by A < if and only if min{A A B) G A is a shelling order. 
For A = {ao, ai, . . . , a2k} < B = {bo, bi, . . . , b2k} let Ui = min{A A i?) e A and 
let bj = min B \ A. We consider C ~ {B \ {bj}) U {ai}. Note that C is not 

(2k) 

contained in Cg^_,_2 if and only if oq = 1, 6o = 2, b2k = 6fc + 2. In that case, 
because 1 G yl we have that Qk + 2 ^ A. 

If b2k = 6fc + 2 and b2k-i < 6fc, then we define C ^ B \{6k + 2}U {6k + 1}. 
If bo = 2, b2k-i = 6fc, b2k — 6k + 2, then there exists s G {1, 2, . . . , 2fc — 1} such 
that bs - bs^i > 3. Then, we let C = B \ {6k + 2} U {6^-1 + 2}. It is easy to 
check that the condition described in ([ij is satified in any of the above cases. 
So, we can conclude that A'-^''\'(^ ^k+i) is shellable. 

For n = 3fc + 2 we consider complex A^^'^+i) (ctgfc+a) = We know that 

Cek+i is homotopy equivalent with a 2fc-dimensional sphere (see Proposition 5.1 
in [5]). From the proof of this proposition we can identify this sphere with the 
boundary of (2fc+l)-dimensional crosspolytope {1, 2}*{4, 5}*- • •*{6fc+l, 6k+2}. 
Obviously, this sphere is contained in cj^f!'_^^\ 

However, Cg^^^^-* also contains {2k + l)-dimensional spheres (boundaries of 
{2k + 2)-simplex {1, 3, 5, . . . , 4fc + 5} in C(ik+4)- 

Therefore, we obtain that this complex is homotopy equivalent to a wedge 
of spheres of different dimensions. So, we conclude that A^'^''^^'' {7^ 3k+2) is not 
shellable. □ 



4 Trees 

For a simple graph G = {V, E) the independency complex I{G) is the simplicial 
complex with vertex set V and with faces the independent sets of G. The 
independence complex has been previously studied in [7], [TT] . 

Shellability and vertex-decomposability of independency complexes is diss- 
cussed in [5] and [Tl]. A complex A is vertex decomposable if it is a simplex 
or (recursively) A has a shedding vertex v such that A \ {w} and linkAV are 
vertex decomposable. It is well-known that any vertex decomposable complex 
is shellable too. 

A chordless cycle of length n in a graph G is a cycle ui, W2, . . . , Wn, "^^i in G 
with no chord, i.e. with no edges except {viV2, V2V3, . . . , u„_iu„, w„ui}. 
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We will use the following Theorem. 

Theorem 14 (Theorem 1, 14 ). If G is a graph with no chordless cycles of 
length other than 3 or 5, then I{G) is vertex decomposable (hence shellahle and 
sequentially Cohen- Macaulay.) 

We follow Kozlov [5] and say that a digraph D is essentially a tree if it 
becomes an undirected tree when one replaces all directed edges (or pairs of 
directed edges going in opposite directions) by an edge. 

Theorem 15. Let D = {y{D),E{D)) he essentially a tree. Then A{D) is 
vertex decomposable and hence shellable. 

Proof. For a given tree D we define a simple graph G in the following way. For 
V G V{D) let d~{v) = \{x e V{D) : xt e E{D)}\ denote the in-degree of v in 
D. We replace every v G y{D) with a complete graph whose vertices 

correspond with directed edges having v as sink. Further, if both of directed 
edges ui,vt are contained in E{D), then the corresponding vertices of Kj^-^y-^ 
and K(i-(^u-) are adjacent in G. Formally, we define V{G) — E{D), and edges 
with the same sink ai, bx are adjacent in G. Also, if a^, 6a G E{D) they are 
adjacent as vertices of G. 

Note that A C V{G) is an independent set in G if and only if A is the 
set of edges of a directed forest in D. Therefore we have that A{D) = I{G). 
Moreover, the construction of G and the assumption that D is essentially a tree 
guaranteed that G does not contain a chordless cycle of length other than 3. 
Now, the statement of our theorem follows from Theorem 1141 

□ 

We describe a way to find an exphcit shelling of A (I?). Let D he a, directed 
graph and let v G V{D) be a leaf in D. In other words there exists the unique 
vertex x G V{D) such that vi or xi ot both of them are in E{D) and there are 
no other edges where ?; is a source or a sink. 

Let D' = D\{v} and let {yi,y2, . ■ . ,yk} ^ {y e V{D') : y^ G EiD')}. 
Furthermore, let Dq = D' \ {yii, yi^, . . . , yti} and assume that xlfi G E{D) 
for J = 1, 2, . . . , s. Now, for p = 1, 2, . . . , A; we set Dp = Dq \ {x]fi}. Note that 
Dp = Dq for p > s. 

We know that the complexes A{D'), A(Z?o) and A{Dp) are shellable. 
Assume that: 

(i) Fi, Fa, . . . , Ft is a shelling of A{D'); 

(ii) Hi,H2, . ■ . ,Hs is a shelhng of A(F>o); 

(iii) G?, G^, . . . , Gf^ is a shelling of A{Dp) (for p = 1, 2, . . . , fc). 

We use the above notation in the next proposition. 

Proposition 16. We consider three possible cases. 

(a) Ifxie E{D) and vi (f. E{D), then Fi U {xi}, F2 U {x%}, . . . , Ff U {xi} is 
a shelling of A{D). Also, we have that hi,j{A{D)) = hi^ij{A(D')). 
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(b) Ifxi^ E{D) and vi G E{D), then 

Hi U {vi}, ...,HsU {vi}, G{ U {yli}, . • . , U {yli}, • • • , U {y^} 
is a shelling of A{D). Furthermore, we have that 

k 

('cj Ifxi,vi& E{D), th en 

Fi U {xi}, F2 U {x^}, . . . , Ft U {x^}, i?i U {iJ^}, H2 U {iJ^}, . . . , JJ^ U {i}^} 
is a shelling of D. In that case we have that 

hij{A{D)) = hi-ij{A{D')) + /ii_i,,_i(A(£»o)). 

Proof. 

(a) This is obvious, because A(D) is a cone over A{D') with apex af^. There- 
fore, we have TZniFi U {xi}) — TZo'iFi) and A(D) is contractiblc. 

(b) If a facet F of A{D) contains vi, then F does not contain any of edges 
{Uii, . . . , Uki}- So, in tliat case we liave that F = H \J {vi}, for a 
facet H of A{Do). If a facet F' of A{D) does not contain -y^, then F' 
must contain exactly one of tlie edges {yii, 2/2^, • • • , yfei}- Therefore, we 
have that F' = GU {tfpi} for a facet G oi Dp. 

The supposed shelling of A{Dq) provides that for i ^ j and facets Hi, Hj 
of A(Z)o) there exists k ^ j and uJ^ e i?j such that 

(ifiU{iJ^})n(i?j U{?)^}) c (i/fcU{zJ^})n(ifj U{fj^}) = iZ"j U{tJ^}\{uJ^}. 

Note that for any p such that 1 ^ p ^ s and for any facet G^ of A{Dp) 
there exists a facet of A(Do) such that G^ C iJ^. Therefore, for any 
facet Hi of A (Dp) we have 

{H, U {v^}) n (G^ U {y^}) C {Hk U {fJI^}) n (GP U {y^}) = G^^. 

Also, ioT q ^ p and a facet G-? of A{Dq) we have 

(G« U {y^}) n (G^ U {y^}) C (if, U {vi}) H (G^ U {y;i^}) = G^. 

So, we obtain that the order defined in (b) is a shelling order for A{D). 
In this order we have that the restriction of the facets of A{D) is 

UoiH, U {vi}) = UdAH,) and 7ez)(Gf U {y^}) = 7^c^(G^ U {y^}. 

(c) In this case a facet of A{D) has the form 

{x^} U F, for a facet F of A(£)') or {vi} U i?, for a facet H of A(Do)- 

Again, for a facet i7j of A(F'o) there exists a facet Fi of A{D') such that 
JJj C Fj. In the similar manner as in (b) we can prove that the considered 
order is a shelling order. Further, the restriction in this order is 

UoiF^ U {xi}) = UD'iF^) and 7^D(i^i U {vi}) = nDM^) U {^^}- 
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□ 



Remark 17. Now, we can identify generating facets of A(Z3). li xti ^ E{D) 
and vi i E{D), then A{D) is contractible. If ^ E{D) and vi G E{D), let 
denote a set of generating faces of A{Dp) for p = 1,2, ... ,s. Then, a generating 
set of facets of A{D) is 

s 

\J{GU{y^}:Gegp}. 

p=i 

If xti, £ E{D), then a set of generating facets of A(_D) is 

{H U : is a generating facet of A(£'o)}- 

A directed acyclic graph is a directed graph without directed cycles. By 
successive applications of PropositionlTCland Remark [171 we obtain the following 
result of A. Engstroni. 

Theorem 18 (Theorem 2.10, [8 ). If D is a directed acyclic graph, then A(G') is 
homotopy equivalent to a wedge o/ J^,ygy(Q-)^j^(d^ (u) — 1) spheres of dimension 
\V{G)\ — \R\ — 1, where R is the set of vertices without edges directed to them. 

Now, we investigate homotopy type of A(Z)) when D \s a. double directed tree. 

Definition 19. A tree T with 2n vertices (n leaves and n non-leaves) such that 
every non-leaf is adjacent to exactly one leaf we call basic tree. Also, we say that 
a tree with exactly two vertices is a basic tree. We say that the edge connecting 
a non-leaf and a leaf is peripheral. 

We can produce a basic tree if we start with an arbitrary tree T' and add a 
leaf to each node of T' . We use description of generating facets from Remark 
[TTlto obtain the following proposition. 

Proposition 20. Let D he a directed tree with 2n vertices obtained from a basic 
tree T by replacing every edge of T by a pair of directed edges going in opposite 
directions. Then we have that A(Z)) = §"^^. 

Proof. Assume that vi,V2, ■ . ■ ,Vn are leaves of T. We label the rest of the 
vertices of T with mi,W2,...,u„ so that ViUi G E{T) for all i = l,2,...,n. 
By applying Remark [IT] successively we obtain that the set of peripheral edges 
{viul ; i = 1, 2, . . . , n} is the unique generating facet of A{D). 

□ 

We denote the unique generating facet for a basic tree T by Gt, that is, 
Gt = {vTui, v^, u;;iit}- 

Let D be a double directed tree obtained from a tree T. We describe a 
bijection between generating simplices of A(D) and decompositions of T into 
basic trees. 

Let vi,V2, ■ . ■ ,Vn be a fixed linear order of V{D) and choose the first leaf 
V S V{D) in this order. Assume that N{v) = {x} and N{x) = {v,yi, . . . ,yk}- 
From (c) of Remark [T7| we know that all generating facets of A(D) have to 
contain the edge vi. Next, we are looking for generating facets of complex 
A(Do) where Dq = {D \ {v}) \ {yit, . . . , yki}- From (b) of Proposition [TEl we 
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have that a generating facet of A(Do) must contain edges zjyt, ^iy^, . . . , Zkyt 
where Zi G N{yi) and Zi ^ x. If degxiyi) — 2 for all z = 1, 2, . . . , A;, we consider 
a subtree of T spanned by {v,x,yi, zi, . . . ,yk, Zk}- In the case when Nxiyi) ~ 
{x, Zi,ui, . . . , Ur}, a generating facet of A(I?) that contains {vt, ziyl, . . . , Zkyl} 
also contains edges wju^ for j = 1, 2, . . . , r. 

By repeating this procedure we obtain a subtree Bi of T such that 

(1) Bi is a basic tree and v e V{Bi), 

(2) for any x G V{Bi) that is not a leaf in Bi we have that (x) = drix), 

(3) > 2 whenever \V{T)\ > 2. 

Note that there can be more possibilities for a basic tree Bi, see Figure 1. If 
we can not find a subtree Bi that satisfies the above conditions, then we obtain 
that A{D) is contractible. After we choose a basic tree Bi that satisfies (l)-(3) 
we proceed in the same way with T' = T\{x G ■ dsi [x) = drix)}. Note 

that T' is a forest or a tree. 

Let v' be the first leaf of T' and let Ti be the maximal tree of T' that contains 
v' . Now, we are looking for i?2, a subtree of Ti that satisfies (l)-(3). If we can 
decompose T into i?2, • • • , i?m we say that i?2, • • • , Sm) is an ordered 
decomposition of T into m basic trees. 

An ordered decomposition {Bi,B2, ■ ■ ■ ,Bjn) of T that satisfies (1)~(3) pro- 
duces a generating facet Gbi U U • • • U Gb^ of A(D). 



Figure 1: A tree and its decompositions into basic trees. Oriented edges represent 
generating facets of A{D). Note that A{D) ~ §^ V 



Theorem 21. Let D be a double directed tree with n vertices. Let denote 
the number of ordered decompositions of D into m basic trees. Then we have 
that 



Proof. We described above a bijection between generating sets of A (I?) and 
ordered decompositions of D that satisfy (l)-(3). Consider such an ordered 
partition B2, . . . , Bm) with m basic trees. If a basic tree Bi contains 2si 
vertices (and 2si — 1 edges) it contains Si edges of a generating set of A{D). 
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Then wc have 2si — 1 + 2s2 — 1 H h 2sm — 1 = n — 1, and this decomposition 

corresponds with 

n + m— 1 
Sl+S2-\ h Sm - 1 = ^ 1 

dimensional generating facet of A(£)). 

□ 

Corollary 22. Among all double directed trees D with n vertices the biggest 
dimension of nontrivial homology is [^^y^] • Smallest nontrivial homology for 
all trees with n vertices appears in the dimension n — [^J — 2. 
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